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The classical and quantum dynamics of the Friedmann-Robertson- Walker Universe with massless 
scalar and massive fermion matter field as a source is discussed in the framework of the Dirac gen- 
eralized Hamiltonian formalism. The Hamiltonian reduction of this constrained system is realized 
for two cases of minimal and conformal coupling between gravity and matter. It is shown that in 
both cases for all values of curvature, fc = 0, ±1, of maximally symmetric space there exists a time 
independent reduced local Hamiltonian which describes the dynamics of the cosmic scale factor. 
' The relevance of conformal time-like Killing vector fields in FRW space-time to the existence of 

' time independent Hamiltonian and the corresponding notion of conserved energy is discussed. The 

, extended quantization with the Wheeler-deWitt equation is compared with the canonical quantiza- 

' tion of unconstrained system. It is shown that quantum observables treated as expectation values 

of the Dirac observables properly describe the original classical theory. 
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I. INTRODUCTION 

> 

00 , . 

, Cosmological models apart from the main task, to investigate the large scale structure of the Universe, are highly 
attractive objects with the standpoint of analysis of the conceptual problems in the theory of gravitation. By studying 
cosmological models instead of general spacetime we can to overcome the difficulties due to the infinite number of 
degrees of freedom and concentrate attention to the problems arising solely from the time reparametrization invariance; 
^ ' such as the construction of observables. ^ In the present article we attempt a contribution to the discussion of some 
aspects of this problem by considering the simplest cosmological model, the Friedmann-Robertson- Walker (FRW) 
^ , Universe filled in the scalar massless and massive spinor matter fields. The conventional Hamiltonian description 
of this model is based on the original Dirac Q and the so-called Arnowitt-Deser-Misner (ADM) Q formulation of 
Hfs' general relativity. ^ The ADM method involves the choice of certain coordinate fixing conditions (gauge), solution 
of the constraints and construction of the observables such as energy, momentum and angular momentum, using the 
^ 1 asymptotically flat boundary condition for gravitational field and assuming that three-dimensional space of constant 
time is open However, when the closed Universe is considered to build the ADM observables from initial data for 
canonical variables it is impossible. Since in this case there is no boundary of the space manifold and no asymptotic 
■ region can be used to construct the corresponding integrals of motion. This leads to the conclusion that for such 
cosmological models neither the natural notion of time evolution nor the corresponding energy definition is possible 
to find g , . To clear up this contradiction between the existence of widely used cosmological quantities and their 
absence in the corresponding field theoretical formulation the FRW cosmological model will be considered in the 



o 



X 



framework of the Dirac Generalized Hamiltonian formulation |10|]- |12|. The key moment of the canonical treatment 
is the assumption that general relativity represents "already parametrized" theory due to the principle of general 
covariance, so that the problem of construction of observables can be solved automatically rewriting the theory in 
the equivalent "deparametrized" form, fi However, careful analysis of correctness of such deparametrized program 



carried out by Hajicek |14| shows that even for simple mechanical system with one quadratic Hamiltonian constraint 



^The problem of observables consist in the determination of the invariant characteristics of gravitational field in terms of 
measurable quantities and is closely related to that of time evolution Q, 
^ For review of the cosmological models construction with applications of the ADM method see e.g. 1^. 

^To make agreement between the four-dimensional covariance and the possibility to extract from the canonical coordinates 
hidden variables appropriate for deparametrization theory is difficult task. To solve this problem Kuchar suggested to perform 
the "second parametrization" of general relativity by extending its phase space by the additional embedding variables [[13| . 
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there are topological obstructions to its implementation analogous of the well-known "Gribov ambiguity" in gauge 
theories. A direct way to clarify the topological structure of such a theory lies in the finding of integral curves of the 
dynamical equations and the investigation their global properties. Within this motivation the present note is devoted 
to the realization of local deparametrization of integrable cosmological FRW models considering it as a preparation 
for the study the global features of reduction procedure. |^ We will follow the method of Hamiltonian reduction to 
construct the observables and the corresponding dynamical equations which is well elaborated for gauge theories. 
This approach is based on an appropriate choice of canonical coordinates on phase space and deals without explicit 
introduction of any gauge-fixing functions (see e.g. and references therein). 

The general plan of present article is as follows. In Section II we state the FRW cosmological model with real 
massless scalar and massive fermion fields as sources with different type of coupling to gravity. In Section III some 
generic features of the Hamiltonian reduction and the construction of observables in reparametrization invariant 
mechanical models is disscused. The aim of Section III is to explain the method to obtain the unconstrained system 
from reparametrized invariant one by considering the simplest example of free relativistic particle motion. Section IV is 
devoted to the construction of the unconstrained systems equivalent to FRW cosmology when the homogeneous matter 
is presented in different forms: as massless scalar field interacting with gravity minimally and conformaly, massive 
spinor field. Finally, in Section V we discuss the correspondence principle fulfillment for observables in quantum 
theories based either on Wheeler-deWitt equation or on the canonical quantization scheme of the unconstrained 
classical system. In Appendices we state some notations and technical details of derivations in order to simplify the 
reading of the main text. 



II. MODEL WITH SPATIAL HOMOGENEITY AND ISOTROPY 



By definition, the FRW spacetime is a four-dimensional pseudo-Riemannian manifold on which a six-dimensional Lie 
group Gg acts as group of isometrics. The group of isometrics Gg has a three-dimensional isotropy subgroup and three- 
dimensional subgroup which acts simply transitive on the one parameter ( "time t" ) family of spacelike hypersurfaces 
St. The large group of isometrics restricts both the dependence and the number of independent components of the 
metric tensor and leads to the so-called maximally symmetric three-dimensional space. After the choice of standard 
coordinates [|l8| one has the FRW metric 

ds^ = -N'^{t) dt(g)dt + a^(t) -fab dx" (g) c^x^ (2.1) 

where ^ab is the time independent metric of three-dimensional space 

-fab dx" (g) dx'' = ^ + r^{d9^ + sin^ Odip^) (2.2) 

of constant curvature '^^^R{-fij) = —Gk/r^, k = 0, ±1. The lapse function N{t) and the cosmic scale factor a{t) 
describe the remaining gravitational degrees of freedom whose classical behavior is determined by varying the standard 
Hilbert action. However, constructed in this way the minisuperspace model is out of interest. Simple counting of 
the physical degrees of freedom shows that this vacuum FRW model is empty on the classical level; only unphysical 
degrees of freedom propagate. Thus in order to have some nontrivial observables it is necessary to introduce the 
source matter fields. 



1. Lagrangian for scalar field with minimal coupling to gravity 

The introduction of a massless scalar field as a source of gravity results in the simplest cosmological model which 
has direct correspondence to the classical Friedmann model. |^ For a massless scalar field, the two most interesting 



*Apart from topological obstruction arising due to the projection onto the constraint shell it is necessary also to investigate 
the problems connected with the topological structure of spaces of constant curvature. The well elaborated classification of 
three-dimensional spacelike manifolds |l5| allows to estimate the infiuence of topological properties on physical quantities. An 
interesting study of the role played by this global properties is under present consideration (see and references therein). 

^Below we will point out the correspondence the conventional Friedmann cosmology based on the Einstein equations supple- 
mented by certain matter equation of state. 
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couplings to gravity extensively considered are the so-called minimal coupling and the conformal one. ^ 
The Hilbert action for gravity minimally coupled to massless scalar field 



reduces to the following 



W = Vi 



(3) 



W ■ 



dt 



3 fa^ 



2Nr 



3 d 

kH \N, 



(2.3) 



(2.4) 



assuming the spatial homogeneity of the scalar field and FRW metric ( |2.l[ ) . Here k = SnG and new variable Nc = N/ a 
has been introduced. Integration over the spatial hyperplane leads to the appearance of the factor V(3) - "volume" of 
the three-dimensional space of constant curvature. |^ 



2. Lagrangian for a scalar field with conformal coupling to gravity 
The conformally coupled scalar field is described by action 

J I Zk LZ 2 



(2.5) 



Choosing the metric (2T) this leads to the action for the FRW Universe filled in by massless homogeneous scalar field 



W[a,N„ip] 



dt 



3 /d2 ka^ 



1/(^2 ^^2 



2 V iV, ri 



3 d / da 
Kdt \Nr 



(2.6) 



3. FRW Lagrangian with spinor matter fields 

The combined system of Dirac field and FRW metric have been investigated from classical and quantum point of 
view by many authors. In present article we explore the model closely related to the formulation given in p^ , p5| . 
The starting point is the action for a massive spinor field interacting with gravity is given by 



I d"" 



(4) 



2k 



(2.7) 



where the spinor field ^'(x) (4' Dirac conjugate spinor field) components are treated classically as a collection of 
Grassmann variables '^i'i'j + 'i'j^i = and is the covariant derivative (see notation in Appendix ^). Assuming 



the homogeneity of the fermion fields and after the redefinition ip{t) 
the finite dimensional system 



73/2 r 



{t)^{t) Eq.(Ejh reduces to the action of 



W 



dt 



a 



ka^ 



3 d 
K dt 



aa 



(2.8) 



with 



Hd = mipip. 



(2.9) 



It is well known that essentially all types of couplings of free scalar field to the scalar curvature and its kinetic term can be 
reduced to minimal coupling form using rescaling of the metric and scalar field redefinition In 1974 based on this type 

of transformations Bekenstein proposed the method of construction solution for particular case of conformally coupled 
Einstein-scalar equation from solution of the minimally coupled ones (see also pi[]). The detailed investigation of this type 
solutions for FRW geometry with spatial homogeneous scalar fields can be found in |22[| . Note also the interesting consideration 
of the evolution of Friedman cosmology driven by scalar fields, given in |^ 
^In all formulas this factor will be omitted, in order to simplify the numerical factors. 
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III. REDUCTION AND OBSERVABLES IN REPARAMETRIZATION INVARIANT MECHANICAL 

MODELS 



It is the purpose of this part to discuss the construction of observables for a system with reparametrization invari- 
ance. For our aims we shall state the ideas using a mechanical system, i.e. a system with a finite number of degrees 
of freedom and restrict ourselves to the case of Abelian constraints. 

Let us consider a system with 2n - dimensional phase space T whose dynamics is constrained to a certain submanifold 
Tc describing by the functionally independent set of m abelian constraints 

fa{p,q)^0, {ifa{p,q),'Pf3{p,q)} = 0. (3.1) 

Due to the presence of constraints the Hamiltonian dynamics is described by the Poincare-Cartan form 

n 

e = ^ftdg,-i7£(p,9)dt, (3.2) 

with the extended Hamiltonian HE{p,q) differing from the canonical Hamiltonian Hc{p,q) by a linear combination 
of constraints with arbitrary multipliers Ua (t) 

HE{p,q) = Hc{p,q) + Ua{t)ifia{p,q) ■ (3.3) 

For the case of first class constraints the functions Ua(t) can't be fixed without using some additional requirements. 
This observation reflects the existence of the local (gauge) symmetry and the presence of coordinates in the theory 
whose dynamics is governed in an arbitrary way. However, according to the principle of gauge invariance, these 
coordinates do not affect physical quantities and thus can be treated as ignorable (gauge degrees of freedom). The 
question is how to identify these coordinates. If theory contains only Abelian constraints one can find these ignorable 
coordinates as follows. It is always possible - [|7| to define a canonical transformation to a new set of canonical 
coordinates 

qi Qi = Qi (q, p) , 

p,^P,^Pdq,p), (3.4) 

so that TO of the new momenta (Pi, . . . , Pin) become equal to the Abelian constraints 

Pa=^aiq,p)- (3.5) 

In the new coordinates (Q, P) and {Q* ,P*) we have the following canonical equations 

Q* = {Q*,Hph}, i^ = 0, 

P*^{P*,Hph}, 'Q^u{t), (3.6) 



with the physical Hamiltonian 



Hph{P\Q*) HciP.Q) _ . (3.7) 

Pc=0 



The physical Hamiltonian Hp^ depends only on the (n — m) pairs of new gauge-invariant canonical coordinates 
{Q*,P*). Moreover the form of the canonical system ( |3.6| ) expresses the explicit separation of the phase space into 
physical and unphysical sectors. Arbitrary functions u{t) enter only into the part the equation for the ignorable 
coordinates Q^, conjugated to the momenta Pa- n 



^This paper deals with Abelian constraints only, but a few remarks on the general non-Abelian case may be in order. A 
straightforward generalization to this situation is unattainable; identification of momenta with constraints is forbidden due 
to the non-AbeUan character of constraints. However, one can replace the non-Abelian constraints by an equivalent set of 
constraints forming an Abelian algebra and after this implement the above mentioned Levi-Civita transformation. For proofs 
of this Abelianization statement see e.g. |ll| - and the description of itterative Abelianization conversion in WM. 
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Trying to apply this program to any model with reparametrization invariance we as a rule reveal that the physical 
Hamiltonian defined by (3/7) is zero and thus we have the dynamics of unconstrained system in the Maupertuis form 



n— m 



= - (3.8) 

where dV is a total differential. The problem is now how to deal with the zero Hamiltonian. This situation in some 
sence opposite to the case known from the Hamilton-Jacobi method of integration of equations of motion. The main 
idea of this method is to implement on the system with Hamiltonian H(t,p,q) the canonical transformation with 
generating function S{t, q,p), which is the solution for the equation 

As a result the new Hamiltonian is zero and the equation of motion in the new coordinates have the simplest form 

g = 0, P = 0. (3.10) 

After reduction we have just a system in these coordinates and the problem is to reconstruct the nonzero Hamiltonian 
in any other coordinates for the obtained uncontsrained system. Two remarks to the picture described above may be 
in order. There is no difference between the local behavior in systems obtained via the reduction of reparametrization 
invariant theories. The specific properties, which make a difference of systems are hidden in the total differential in 
the Poincare-Cartan form. 

Before passing to the construction of the reduced phase space for FRW Universe it seems worth to set forth our 
approach to the same problem of a free relativistic particle. 



A. Digress: Reduced dynamics of free relativistic particle 



For the presentation of our procedure to construct the reduced dynamical system from the degenerate system with 
reparametrization invariance let us start with the simplest case of free motion of a particle in Minkowski space-time 
writing its action in the form close to the cosmological Friedmann models (2.4), (|2.6|), (p 



W[x,e] 



T2 



dT 



ZtL 

e 



(3.11) 



The independent configuration variables are particle wordline coordinates Xf^{T) and the additional "vielbein" deter- 
minant e(r). 

Invariance of the action (3.11) under the reparametrization of time t t' ~ /{t) spoils the uniqueness of the 
Cauchy problem for the corresponding equations of motion. Therefore the problem is to fix the part of the variables 
whose dynamics will be unique and whose initial conditions are free from any constraints. The usual way to deal with 
this problem consists in choosing of a gauge which tights the parameter of evolution with the configuration variables. 
For example, the proper time gauge fixing xo{t) = r leads to the instant form of the dynamics for a relativistic 
particle. However, let us act in spirit of the previous section and try to reproduce the results of the instant form of 
particle dynamics without introduction of gauge conditions. 



According to the Dirac prescription the generalized Hamiltonian dynamics for the system (3.11) takes place on the 
phase space spanned by five canonical pairs {e,pe) and {x^,p^) restricted by the primary constraint pe = and the 
secondary constraint 



0. 



(3.12) 



To take into account these constraints and to derive equations of motion one can consider the Poincare-Cartan 1-form 



Q :— Pede + p^dx^ — HTdr , 



(3.13) 



with the total Hamiltonian 



Ht ■■= -^eipl - rr?) + \{t)p^ 



(3.14) 
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The equation of motion together with both constraints follow from functional 

W[e,p,-x,p,-\] /e, (3.15) 



using independent variation of the canonical pairs (e,pe), (x,p) and the Lagrange multiplier A 

Xp.^ ep^ , = , (3.16) 

e = A, (3.17) 
p^ -m^ = , Pe = 0. (3.18) 

Let us now convince ourselves that performing certain canonical transformations one can put the equation in such 
form that the Lagrange multiplier function A(t) enters only in the equation for one canonical pair. According to the 
general scenario described in previous section each canonical transformation 

e Pe\ f e pe 

p^ y I 



that identifies one canonical momentum with the energy constraint (3.18), say Hq 

1 



no=2(p'-"^') (3.19) 



leads to this pattern. One possible way to complete the canonical transformations is ^ 



Hi ^ Pi, Xi~ ^xq 



and the inverse transformation is 



Po = v2no + n2 + m2, xo:=Xoy2no + n2 + m2 

Pi^Ii-i-, Xi ^ Xt + U.Xq . 



(3.20) 



(3.21) 



In terms of the new variables the total Hamiltonian is 

Ht ^ eUo + Xpe . (3.22) 

and the equations of motion separate into two parts; one for the canonical pairs (e,Pe) and Xq,IIq, with dependence 
from the Lagrange multiplier A(r) 

Xo = e, e = A , (3.23) 

Pe^-Iio, Ho = , (3.24) 

constrained by Hq = and the equations of motion for the variables {Xi,Ili) 

X, = n,: = , (3.25) 

which have a unique solution with initial values free from any restriction. One can construct the reduced Poincare 

-Cartan 1-form for physical unconstrained variables Xi,Ili from ( 3.13| ), rewritten in terms of the new canonical 
variables 

e = UodX" - Il,dX, + pede - (eH^ + Xpe)dt + d{XQ{Uo + m^)) , (3.26) 
by considering the projection onto the constraint shell 



^Different possibilities to complete the canonical transformations for remaining variables will lead to another forms of dynamics, 
or to equivalent form but in another frame of reference. 
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= Q|no=o, p.=o= -n,dX, + d{Xo)m^ . (3.27) 

Thus we have convinced ourselves that the variables Ili,Xi - are Jacobi's coordinates for the obtained unconstrained 
theory with zero Hamiltonian. Now we shall show how to reconstruct the unconstrained Hamiltonian in terms of 
initial variables using the generating function to new set of canonical pairs ( [3.20| ) and Hamilton- Jacobi equation. To 
find the unconstrained system whose Jacobi's coordinates are 11^, Xi let us write down the generating function 5(11, x) 
of the canonical transformation (x,p) (-^^,11) ( |3.20 ) 

dSjn^x) dS{Il,x) 

One can easily verify from the condition 

UdX - pdx = d{XoiUo + m^)), (3.29) 

that the function 



^(n,^) =xoV2no + n2 + m2-a;,n, (3.30) 



generates the above canonical transformations (3.20). Restriction the generating function by the condition 1X0 = 
leads to the function 



5*(n„x„xo) = 5(n,2;)|n^^P=xoVn2 + m2-x,n, , (3.31) 

which we shall now treat as generating function defined on the unconstrained phase space {xi,pi) and depended 
explicitly on some parameter xq, which has the meaning of evolution parameter for the obtained reduced system. To 
verify this, one can use the generating function S*{Ili,Xi,XQ) to write down the inverse transformation for variables 
in the reduced Poincare -Cartan form directly on the constraint shell 

8* = —HidXi + m^dXo\ r gg* — —pidxi + \/ + ra^dxo . (3.32) 

\ — dUl ~ ^* 

From this form it follows that we get the Hamiltonian system for a relativistic particle 

^ = (3.33) 

at + w? 

^ = te,;i} = 0, (3.34) 

in the instant form of the dynamics with the parameter t :— xq and the Hamiltonian defined from the reduced 
generating function 

h=: — = ^p^ + m-^. (3.35) 
dxo 



IV. HAMILTONIAN REDUCTION OF FRW COSMOLOGICAL MODELS 



A. Scalar field with minimal coupling to gravity 

After performing the Legendre transformation on the Lagrangian in the action ( ^.4| ) describing the dynamics of a 
homogeneous scalar field with minimal coupling to FRW space time one finds that the phase space spanned by the 
canonical pairs (a,pa), {Nc, Pn) and ($, P$) is restricted by the primary constraint 

Pn = (4.1) 

and secondary constraint 
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^ - 12" + ^ " 2^ • ^^-^^ 

Exploiting the nondegenerate character of the metric (a ^ 0) the secondary constraint ( [f.2| ) can be rewritten in the 
equivalent form 

C = a2C = a^(^ + ^)-P|/2, (4.3) 

which shows the separability of the gravitational and the matter source part in constraint. To obtain the reduced 
Hamiltonian describing the evolution of cosmic scalar factor a one can introduce the new canonical coordinates for 
scalar field 

n$ := Pi/2 , n ■■= ^/P4> ■ (4.4) 
After this redefinition the corresponding Poincare-Cartan form 

N ~ 

e = pada + U^dT^ - ^Cdt + d (n$T$) , (4.5) 

projected onto the constraint shell reduces to 

Q* ^Pada + H{a)dT^+d{H{a)T^), (4.6) 
where the reduced Hamiltonian that governs the scale factor a evolution in time T$ is 

Note, that there is another possibility to reduce the theory. The reduced theory can be formulated in terms of a 
scalar field. To find the dynamics of the scalar field we perform the canonical transformation on the scale factor 

.2 01,^2 



2 ( ^Pa 3ka^ 



na:=a^(^ + ^) (4.8) 



a 

Ta := J a'da (^n„ - fcaV^) (4.9) 

0,0 

and as a result the reduced Poincare-Cartan form in terms of scalar fiel variables is 

e* - - H{P^)dTa + d (5(a, nj - TJia) , (4.10) 

where the reduced Hamiltonian that describes the evolution of scalar field $ in time Ta is 

H{P<,) := \PI , (4.11) 
and the function S{a,Tia) is the generating function of the canonical transformation 



B. Scalar field with conformal coupling to gravity 



In the case of a homogeneous scalar field conformally coupled to the FRW space time (2^) the phase space spanned 
by the canonical pairs {a,pa), (Nc, Pn) and {ip,p^) is restricted by the primary constraint 

Pn^O, (4.12) 

and secondary constraint 

C:=n^-n„, (4.13) 

where 
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The total Hamiltonian Ht 
equations 



n„ 



2^ 



(4.14) 



12 nrl ' ^2 
X{t)PN contains the arbitrary function X(t) and thus the Hamilton-Dirac 



a = -NcKPa/6 

Pa = NMa/inrl) 



Pn Pv = -Ncktp/rl 



(4.15) 



cannot be solved in a unique way. According to the scheme described in the preceding sections to implement the 
Hamiltonian reduction one can search for a transformation to a new set of canonical variables in terms of which the 
equations of motion separate into independent parts: the physical (independent of the arbitrary function) and the 
unphysical one with unpredictable evolution. To achieve this let us perform the canonical transformation from {pa , a) 
and (p^, if) to the new canonical pairs such that matter part of the constraint 11;^ becomes one of the new canonical 
momenta 



n 

lie. - 2 



2^ 



Using the generating function 



5(n^,(^) j daJ2U^ 

ao 

the corresponding canonical conjugated coordinate T^p is 



k 

2^ 



(4.16) 



(4.17) 



and the reduced action reads 
W*\a\ = 



Pada - 



f 2 

{y^Pa 



da 



2n, - 27^(^2 



(4.18) 



3fc 



^a')dT^+d{S{Tl^,^) 



(4.19) 



It is worth mentioning that if instead of matter part the gravitational part of constraint Hq will be used for the 
construction of the new canonical momenta then the reduced action describing the evolution of scalar field is 



W* 



p^dip 



{pI 



(4.20) 



C. Spinor field as source field for FRW Universe 



The Hamiltonian reduction of this model is achieved along the same lines as in the previous section. However, 
dealing with fermion fields there are some specific features due to the presence of the second class constraints. 

The action (2.8) for the homogeneous spinor field in FRW Universe is degenerate and the corresponding primary 
constraints are 



Pn = 0_ 

P4, + 1^7° = 

Pi, + = . 



(4.21) 



Based on this action one can derive the Hubble parameter H 



1 KJT 

a4{Tc) 3 '-'-f 



corresponds to the radiation dominated Fridmann model with the constant 11^ 



and convince ourselves that it 
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They satisfy the algebra 



{Cat, C^,} — , {Cat, C^} = 



According to the Dirac prescription the evolution in time is governed by the total Hamiltonian 

Ht = He + XnCn + C^X^ + A^C^ , 
with the arbitrary functions A and the canonical Hamiltonian He 



Hr = Nr 



12 nrl 

The requirement to conserve the constraints during the evolution fixes the functions A^/, and A^ 

A^ = iNcmaipj° , = iNcmaj°ip . 

but leaves the function Xn unspecified it and leads to the existence of the secondary constraint 



C 



12 



aTir 



0. 



Due to the algebra of constraints ( 4.22 ) and the Poisson brackets of secondary constraint C with any other 

{C, C^} = marp , {C, C.A = -maijj , {C, Cn} = , 



(4.22) 



(4.23) 



(4.24) 



(4.25) 



(4.26) 



(4.27) 



one can verify that no additional constraints emerge. |^ The algebra ( 4.22| ) and (4.27) shows that the constraints 
represent a mixed system of first and second class constraints. In order to perform the Hamiltonian reduction we 
will start with rewriting the constraints into an equivalent form such that the first class constraints form the ideal 
of algebra and the algebra of second class constraints is canonical. This equivalent set of constraints , is given 
in the Appendix B. The canonical character of the new algebra {C^jC^} = — 1 allows to perform the canonical 
transformation that converts the new second class constraints , to the pair of canonical variables 



= , H^ = ip^7° + , 



(4.29) 



This means that the dynamics of phase space variables , H^ is completely "frozen" and other canonical pairs 
change in time independently of them. In other words we can everywhere in the formulas omit this variables without 
destroying the dynamics of the physically relevant quantities. Turning to the reduction due to the first class constraints 
let us pass to the new Hamiltonian constraint C 



C := 



a a 



1 / Kp^ 3fca^ 



12 



- zr7iH^7°(3^ , 



(4.30) 



assuming that the metric is nondegenerate a ^ 0. In order to achieve the reduction for first class constraint we 
perform the canonical transformation from the {pa, a) to the new variables (H^, Qa) such that 



n„ 



12 



(4.31) 



Using the generating function 5(a,Ha) 



Secondary constraint C is conserved in weali sense 

C = iNmpaiC^n"-^ + i>1°C^) « 0. (4.28) 
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a 

S{a,Ila) = ^ J da^ ^'^na - ka^To^ 

ao 

one can find the variable canonically conjugated to !!„ 

a 

// K \-l/2 
ada [^oRa - ka^r'"^) 



(4.32) 



(4.33) 



and after projection onto the constraint shell C = 0, = 0, 11^ =0, = 0, Q^jj = the reduced action is 

W*[Q^] = j dQ^U^ + m\l^-i°Q^dTa . (4.34) 

Thus we have derived the standard Dirac Hamiltonian for reduced spinor field and this matter source corresponds to 
the case of the dust filled Universe; the Hubble constant behaves as 



1 da 
adTa 



K Mr 



3 a^rl 



(4.35) 



with the constant Md- 

We shall finish with one remark concerning the simple generalization of the above result to a more complex system. 
It is interesting to note that if one includes the interaction of massive spinor with the scalar massless one in the action 
of the following type 



d x^—g 



(4.36) 



then the action obtained after supposition of the FRW Universe 



W[a,Nc,ip,ilj] = J dt 

-Nr. I - 



3 1 (/)2 



3 ka'^ kifP' 



K rf. 



+ 



2r2 



+ {ma + iJ,ip)'iptp 



(4.37) 



can be connected with the action describing the interaction of fermion field and massless scalar field. Let us consider 

two possible cases. 

a). Km^ < 6/^2 . One can convince ourself that after introduction of the new scalar field and the scale factor a 



ma + iiip = 1 - g ^2 



m K 
IJ. 6 



67? 



we get the action for the massless spinor interacting with the field 

i2 



W[A,Nc,(l),^l;] = J dt 
and the new coupling constant 



(4.38) 



(4.39) 



2rl 



}1 = Ha 1- 



(4.40) 
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b). Kw? > In this case one can use another transformation, 



1 _ 6 



6 ^ 



A 



6 u2 V TO / 



1 _ 6 ii 



(4.41) 



and get the action 



W[A, N„ / dt 



(4.42) 



3 fcA2 kcp' 



+ faAil)%l) 



with the new mass for the fermion field m = to^/i — -l^^ . One can verify that these two actions are related by the 
field redefinition 



■6 . 

i-A, 

K 



(4.43) 



and thus it is enough to reduce one of the actions ( 4. 39 ), ( 4. 42 ) 
For the action (4.39) the energy constraint 



C 



12 ^ ^ Y ^ 2^ 



(4.44) 



again has separable contributions from the gravitational and the matter part. After introduction of the new canonical 
momentum 



n„ 



12 



(4.45) 



and the corresponding conjugated coordinate Ta in the same manner as for the case of the conformal scalar field the 
following action for the physical scalar and spinor fields can be derived 



HdT„, 



with physical Hamiltonian describing the system of interacting spinor and scalar fields 

pI k<t>-' 
^ - Y + ^ + ^'^^^ • 



(4.46) 



(4.47) 



V. CLASSICAL AND QUANTUM OBSERVABLES FOR FRW UNIVERSE 
A. Extended quantization: Wheeler-deWitt equation 



According to the Dirac prescription in the extended quantization scheme one considers the classical constraints to 
be the conditions on the state vector j28j , ||2^ , |^ 



Pat* = , 
iJT* = . 



(5.1) 
(5.2) 



^The standard procedure of letting Pjv — i9jv, Pa — > ~ida, P<s> — » ~idp^ is assumed. 
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Quantum observable in this quantization scheme are constructed with analogy to that of the two-dimensional rela- 
tivistic spin zero bosonic Klein-Gordon field as expectation value 

{0)= J d(b{^*Oda{-i')-da{^*)0^*) . (5.3) 

However, as it has been analyzed by Kaup and Vitello this conventional interpretation cannot be used without 
violating the correspondence principle. More precisely, it has been shown that the expectation values for the scalar 
fields and the cosmic scale factor do not correspond to the classical values; their evolution describe the expansion 
phase of Friedmann evolution, but then instead of contraction, the expectation values tunnel through the barrier and 
continue to expand. Below it will be demonstrated that opposite to this situation the canonical quantization of the 
unconstrained system obtained in the preceding part of the paper leads directly to the fulfillment of the correspondence 
principle. 



B. Reduced quantization: Heisenberg equation 

To analyze the correspondence principle let us consider the case of a conformal scalar field in the closed Friedmann 
Universe. As it has been shown the evolution of scale factor a in conformal time t is governed by the harmonic 
oscillator Hamiltonian which after conventional quantization reads 



Assuming the quantum state in the form 

^ = 



(a27r)i/4 



exp 



{a - tto)^ 



2a2 



(5.4) 



(5.5) 



where ao and po are the mean values of the coordinate and the momentum respectively (real parameter a characterizes 
the mean square deviation of a) and using the solution of Heisenberg equations for the operators a(t) and p(t) 



a(t) — a(0) cos — — -7r-p(0) sin — , 

To D To 

p{t) = a(0) sin — + p(0) cos — , 

nro To To 

one can find the time dependence of the mean values of d{t) and p{t), 

— 7 — \" / * / \ ^ ^ 

a{t) = j ^ a[t)'^ da — Qo cos — poSm — 

./ Tn 6 r„ 



+ 00 

'p{t)= / '^*p{t)^da 



6 . t 
flo sm — 

Kr„ r, 



■ Po COS ■ 



(5.6) 
(5.7) 

(5.8) 
(5.9) 



O 



This means that we have the correspondence with the classical formulae 

'Q-T, 

To 

Q-T, 



a(t) = ro\l'-\H\sm 



when constants are taken as 



; ^ Q 

a{Q) = ao=ro\ -\H\sa\— , p{0) ^ = 



12 



H\ COS ■ 



(5.10) 
(5.11) 

(5.12) 



At the end we note that there is no wave packet diffusion when the mean square deviation 
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'^^"^'^siii^- ) (5.13) 



is time independent. This holds for the special value of a 



a'^h^. (5.14) 
6 



VI. CONCLUDING REMARKS 



In the present paper the method of Hamiltonian reduction for reparametrization invariant mechanical systems have 
been elaborated. This approach is based on the choice of adapted coordinates using the generating function of the 
canonical transformation that is a solution of the corresponding Hamilton - Jacobi equation. We have derived the 
reduced Hamiltonians for the Friedmann cosmological models with homogeneous scalar and spinor field matter sources 
and find the corresponding observable time. The obtained reduced Hamiltonians have two attractive peculiarities: 

i. They are the generators of evolution with respect to observable time; 

ii. They are conserved quantities which can be treated as the energy of the reduced systems]^ 
Furthermore, the representation for the Hubble parameter and the red shift is founded in terms of the Dirac 

observables in the frame of the generalized Hamiltonian dynamics and correspondence between field Friedmann models 
and perfect fluid Friedmann models with different equations of state has been established. 

The comparison of extended quantization with the Wheeler-deWitt equation and the canonical quantization of 
unconstrained system shows the conceptual advantage of later. In reduced system with the Schrodinger type equation 
instead of the to the Wheeler-deWitt equation the wave function is normalizable and has clear standard quantum 
mechanical interpretation. It is shown that quantum observables treated as expectation values of the Dirac observables 
properly describe the original classical theory. 

It is in order here to make a remark concerning the relation to the conventional gauge-fixing method. Certainly, 
the results derived in the present note by reduction without introduction of gauge functions can be reproduced by 
the gauge fixing method. However, from our derivation it is clear that due to the complicated relations between the 
initial variables and the observable time the gauge functions depend on the initial variables in a complex way which 
is difficult to guess. 

Finally we would like to point out the possibility to exploit the suggested approach. The method elaborated in the 
present article can be used in the description of the other cosmological models, like Bianchi cosmologies, with different 
type of global symmetries. But the applicability of obtained results to a general problem of observables meets with 
the several difficulties. Nevertheless, we hope that in combination with other refined methods our approach will help 
to extend our understanding of the puzzle of the observables in theory of gravity. 

VII. ACKNOWLEDGMENTS 

We would like to thank S.Gogilidze, D.Mladenov, H. -P.Pavel and V.Pervushin for helpful and critical discussions. 
This work was supported in part by the Russian Foundation of Basic Research, Grant No 99-01-00101. 

APPENDIX A: DIRAC EQUATION IN FRW SPACE TIME 

To describe a spinor field on a Rimanian manifold the vierbein fields h'^{x) fj,, v^a^h — 0, 1, 2, 3 

ds^ = g^,dx^'dx'' = ru,{h';^dx^){hldxn ; Vab := (+ ), 

and the Dirac 7-matrices with a specific dependence on space time coordinates are introduced 

rix) = Kix)r- 



The conservation of the conformal matter Hamiltonian with respect to conformal time translations follows from conformal 
symmetry of the Robertson - Walker space-time. 
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The following relations between the vierbein fields and the metric tensor g^i, hold 

hahb/x = f]ab j h'^hau = Qnu '-, h^h^ = ' ^^^a ~ ■ ' ~ Vabh^fj, = Qnv^a ■ 

The Dirac equation for spinors in curved space time reads 

(i7^(x) V,. -m)-^{x) = , 

with the covariant derivative 

^{x) = [d^ + Icabchij'rM^) , 

where Ricci coefficients 

are introduced. For the specific case of the Robertson - Walker metric, 

ds' = a\t)ds' = a\t) {N{t)dtf - (l + ' {dr^ + r\de + sin^ ^dC')) 



the following vierbein fields 



h% = aN 



hj = a(^l 



ir'i 



/i| = ar(l + |^) ' /if = ar sin C(l + t^) ' 



are used in the main text. Here the vierbein indices are underlined. The Dirac equation then looks 



'11 

N dt 



kr 



d 



Ar'l ) dr 



3d 

H 7' 

2aN ' 



r ' 2r \ 



1 + !% d 

r dC 



+ 7 



d 



4|.2 I 



'7^ 



rsin^ 
- m*(a;) = . 



(Al) 
(A2) 

(A3) 

(A4) 

(A5) 



(A6) 



(A7) 



To maintain the space homogeniety of the Friedmann Universe we suppose that the spinor field is only time dependent. 
In the main text the FRW Universe with the spinor matter source is formulated in terms of the fermion variable tjj 



(A8) 



APPENDIX B: SEPARATION OF FIRST AND SECOND CLASS CONSTRAINTS IN MODEL WITH 

SPINOR FIELD 



The set of constraints Ca = (C^, C^, C) represent a mixed system of first and second class constraints; the rank of 
the Poisson matrix M. = {Ca, Cb} is equal to two. The explicit form of the Poisson matrix is 



where and A and K denote 



A 



M 



-i7° 
-17° 



A K 
-K^ 



K 



—maip 
matjj 
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In order to perform the reduction procedure it is useful to separate first and second class constraints. One can easily 
verify that applying the similarity transformation T 



( /f^A-i 1 ) ' ^ ° 



to the constraints Ca 



1 
C=TC=\ 1 




ima^y^ip —iamipj" 1 

we achieve the separation of the constraints on the surface defined by the second class constraints 

{C, C^} = imaC,pY' {C, C^} = —imaYC^ . 
To have this separation on the whole phase space one can pass to the new set of constraints 

C = C + maC^C^ 

= U + ma (p4,p^ - |b*7°V' + - ^a'><D, (Bl) 

= -iC^j" = -ip^Y + , (B2) 
C^ = C^=P^ + lri'- (B3) 
In this new set C belongs to the ideal of the algebra of constraints 

{C,C^} = {Cn,C^} = 0, (B4) 
and second class constraints , obey the canonical algebra 

{C^,C^} = -1. (B5) 



APPENDIX C: REDUCED HAMILTONIAN AS CONSERVED QUANTITY FROM CONFORMAL 

SYMMETRY 

In this Appendix we discuss the existence of time independent reduced Hamiltonians from the geometrical stand- 
point. The Priedmann - Robertson - Walker space-time is conformally flat 

In the flat Priedmann Universe the conformal factor A{x) is simple scale factor a(Tc) and it is easy to verify that the 
conformal time translation is a conformal symmetry 

£dTjpii' = 'f9Tc(«^(^c)'7Mi^) = 'n^i,dT,a^ {Tc) = dfiuZ^. (C2) 

It is well-known that if space time possesses the conformal Killing vector and matter energy-momentum tensor is 
traceless, then one can construct the conserved quantity as follows. Considering the covariant derivative of contraction 
of the stress tensor and the confomal Killing vector 

and assuming the covariant conservation of the traceless matter energy-momentum tensor 
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VuT^" =0, T„^ = 0, 



we have the conservation law for four- vector P'^ in the covariant differential form 



(C3) 



Vm P"" = 0. (C4) 
To get the global conserved quantity one can integrate this equality over the whole space-time and use Gauss theorem 



V V 



(C5) 



where in the last line we specify the Killing vector corresponding to the conformal translation in Robertson - Walker 
space-time. For the conformal scalar field with Lagrangian 



the canonical stress tensor 



-g 

has nonzero trace ^ 0. However, according to [Q, one can pass to the improved tensor 

T^.. = T^, -\[- (^M- + d^d, ~ g^ud^'d^] $2 , 



(C6) 



(C7) 



(C8) 



which is traceless = 0. Thus for a conformal time Killing vector in adapted coordinates £,t^ — (1,0,0,0) and for 
homogeneous scalar field f{Tc) = a{Tc)^{Tc) from eq. (C5) it follows that 



2 2rl 



(C9) 



is conserved charge that coincides with the reduced Hamiltonian derived in the main text. 
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